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1 Introduction

Let W := W,, be a sequence of random variables of interest. Since the exact distribution of W is usually
unknown, it would be interesting to find out the limiting distribution. There are several approaches to
solve this problem. The classical method is to calculate the characteristic function, which may not be
easy to do. Another approach is to use the Stein method. Stein’s method was first introduced by [18] for
normal approximation. The method is striking because it can deal with not only independent random
variables but also dependent random variables and it can also provide an accuracy of the approximation.
Stein’s idea and method have been extended to various approximation far beyond the normal approxima-
tion, for example, to Poisson approximation by Chen [5], to diffusion approximation by Barbour [1], to
Gamma approximation by Luk [15], to multivariate normal approximation by Barbour [1], and Meckes
and Meckes [16]. We refer to [6] for a thorough coverage of Stein methods fundamentals and recent
developments in both theory and applications. We also refer to [2] for a short survey on Stein’s method.

By using the exchangeable pair approach of Stein’s method, Chatterjee and Shao [4] provided a con-
crete method to identify the limiting distribution of W under certain conditions. Let (W, W’) be an
exchangeable pair and A = W — W’. Assume that there exist A > 0, measurable functions g(w), r1(w)
and r(w) such that

E(A[W) = AMg(W) +r1(W)) (1.1)
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and
E(A% | W) = 2X\(1 + ro(W)). (1.2)
Let G(t) = fot g(s)ds, p(t) = coexp(—G(t)), where cg = 1/ [ e~ dt. Under some regular assumptions

on g(w), Chatterjee and Shao [4] showed that if E(|ry(W)|+ |[r2(W)|+|A]2/A) — 0, then W %Y, where
Y has the probability density function p(t).

Assumption (1.2) implies that the conditional second moment of A, given W, satisfies a law of large
numbers. However, this may not be true in general. The main purpose of this note is to find the limiting
distribution of W without the assuming condition (1.2).

The paper is organized as follows. The next section presents the main results. In Section 3, an
application to Curie-Weiss model at the critical temperature is discussed with a Berry-Esseen type bound
of O(n‘3/ 4). Section 4 provides some basic properties of Stein’s equation and solution, while the proof
of the main results is postponed to Section 5.

2 Main results

Let (W, W') be an exchangeable pair and A =W — W’'. Assume that there exist A > 0 and measurable
functions g(w),v(w) = 0,71 (w) and ro(w) such that

E[A[W] = Mg(W) + (W) (2.1)

and
E[A% | W] = 2X\(v(W) + ro(W)). (2.2)

It is well known that conditional expected value and the conditional second moment of A, given W, must
be a measurable function of W. So Conditions (2.1) and (2.2) are always satisfied.
Let Y be a random variable with the probability density function

1

P = ) SRR, we (ab), (23)

where Q(w) = f;fo q(t)dt, wo satisfies g(wg) = 0, q(t) = g(t)/v(t) and ¢; is the normalizing constant.
Assume v(a+)p(a+) = v(b—)p(b—) = 0.
To present our main results, we first introduce some assumptions on the functions g and v. Assume that
(B1) There exist constants a > 1 and 8 > 0 such that for wo < <y <b

lg(2)] < ag(y) + B, (2.4)
and a < y < x < wy,
l9(x)| < —ag(y) + 5. (2.5)
(B2) There exists a constant co > ¢; max{1l, E[v(Y)]} such that the equations
cag(z) =1, cag(z) =v(x) (2.6)
have at most one solution on (wy, b) and the equations
cag(x) = =1, cag(z) = —v(x) (2.7)

have at most one solution on (a, wp).
(B3) There exists an interval [l, u] C (a,b) such that on (a,wo), v(z) is non-decreasing or inf,¢ (4 1y v()
> c3, on (wo,b), v() is non-increasing or inf,e(y,p) v(7) > c3. Moreover, [[V/|| = sup,¢(qp) [V'(7)] < ca-
(B4) There exists a constant ¢; > 1 such that

max{1, |g'(y)[} min{ca, (& + 1)(a + Be2) /1gW) [} (|y[ + E[Y] + c2) < es. (2.8)
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Remark 2.1. If g and g/v are non-decreasing on (a, b) with (w —wp)g(w) > 0, then Conditions (B1)
and (B2) are satisfied with o = 1 and 5 = 0.

We are now ready to identify the limiting distribution of W.
Theorem 2.2.  Let (W,W') be an exchangeable pair satisfying (2.1), (2.2) and the conditions (B1)
~(B4). If
E|ri(W)| + Elra(W)| + E|A%/(Av(W))| — 0, (2.9)
then W converges to Y in distribution.
The next theorem gives an L1 bound for the approximation.

Theorem 2.3.  Let (W, W’) be as defined in Theorem 2.2. Then for ||h'|| < oo, we have
1 .
[E[R(W)] = E[R(Y)]| < C|[I]| (Elﬁ(Wﬂ + Elra(W)] + AEHAl‘S/v(W)])? (2.10)
where C' is a finite constant depending on wq, c1,...,c5, @ and 5.
When A is bounded, we can also give the Berry-Esseen bound for the approximation. Assume that
Al <. (2.11)

Also assume that
(B5) The interval (a,b) can be partitioned by three parts, I1, Io and I3 and there exists a constant d;
such that

E sup
[t]<d

1
1 I, UTs) <65 2.12
v(W—i—t)‘ (WehUl)<a (2.12)

Moreover, v is absolutely continuous and there exist constants c¢g and ¢;7 such that

1

sup sup oz +1)

[t|<dx€l2

} < g, sup sup V' (z+1t)| < c7. (2.13)
[t|<dze€l2

We have the following Berry-Essen type inequality:

Theorem 2.4.  Assume that (2.1), (2.2), (2.11) and Conditions (B1), (B2), (B4) and (B5) are satisfied.
Then

sup [P(W < z)—P(Y < 2)|
z€(a,b)

< 26,E|r (W) +E + ([[pll + 2¢5/c2)d

ro(W) n 2(a + Beg +1)626;
v(W) A
53

+ \ (e + 602)0207 + ¢5c6/ca + cscgElg(W)| + cg(a + 14 Bea)Elg(W))). (2.14)

3 Application to Curie-Weiss model

Consider the Curie-Weiss model for n-spins o = (01,...,0,) € {—1,1}" at temperature T. The joint
density function of o is given by

1 El<i<j<n 0i0j
X < '1
g e (TG, (3.1)

where Zp is the normalizing constant. For the critical temperature T = 1, let

W=W(o)=n"3* zn:ai. (3.2)
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This is a simple statistical mechanical model of ferromagnetic interaction, also called the Ising model on
the complete graph. For a detailed mathematical treatment of this model, we refer to the book by [8].

It was proved by [9-11] that as n — oo, the law of W converges to the distribution with density
proportional to e=* /12 and Chatterjee and Shao [4] obtained a Berry-Esseen bound of O(n~'/2). For
various interesting extensions and refinements of their results, one can refer to [12,17].

In this section, we shall prove that the Berry-Essen bound can be improved to O(n =/ 4) when the
“limiting distribution” is allowed to depend on n, which in turn also shows that the result obtained by
Chatterjee and Shao [4] is optimal.

We first construct W’ so that (W,W’) is an exchangeable pair. Let I be a uniformly distributed
random index over {1,...,n}. For each i, given o;, j # i,1 < j < n, let o be independent of o; and have
the same conditional distribution as o;. Set W/ = W(o1,...,01-1,0%,0741,...,05). Then (W, W’) is an
exchangeable pair. The following lemma verifies various conditions in Theorems 2.3 and 2.4.

Lemma 3.1. Let A=W — W’. We have,

E[A | W] = ;n_3/2W3 C W 4 O(n ) (14 W, (3.3)
E[A? | W] = 2032 max{1 —n 2W2 n='} + O(n~°/?)(1 + W), (3.4)
W —W'| < 2n73/4 (3.5)
and
E[W|? < 15. (3.6)
From this lemma, we can choose A = n=3/2,

g(w) = u;) —n V2w, v(w) = max{l —n"Y2w? n71},

[r(w)] < An"Hwl?, - fra(w)] < AnTHL +w?),

where A is an absolute constant.
Let

w3 /3 —n~1 2w
max{1l —n=1/2w2 n-1}’

Q) = /0 " y(w)du, (3.7)

q(w) =

and Y be a random variable with the probability density function
1

PY)= o) e W,y e (~o0,00), (3.8)
where ¢ is the normalizing constant.
Theorem 3.2.  We have for any absolutely continuous function h with ||h'|| < oo,
[E[A(W) = h(Y)]| < C|I||n=*/* (3.9)
and
sup [P(W < z) — P(Y < 2)| < Cn~3/4, (3.10)
z

where C' is an absolute constant.

Remark 3.3. From (3.10) and (3.7), we see that P(Y < z) involves a term of order n~'/2. This
indicates that the error bound of order O(n~'/2) given by Chatterjee and Shao [4] is optimal.
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Proof. By Theorems 2.3 and 2.4, it suffices to show that Conditions (B1)-(B5) are satisfied. It is easy
to see that for all 0 <z <y < n'/?, |g(x)| < g(y) + 1 and for 0 > >y > —n'/*, |g(2)] < —g(y) + 1. Tt
is also not difficult to verify that Conditions (B2)—(B4) are satisfied.

As for (B5), we choose I} = (—oo,—n'/*/y/2),I, = [-n'/*/v/2,n"/*/\/2] and I3 = (n'/*//2,00).
Recall that v(w) = max{1 — n~="2w? n='}, then for w € I U I3, |t| < &, v(w +t) = n~".

By [3, Proposition 4], for t > 0, P(|W] > t) < 2e’0t4, where ¢ > 0 is an absolute constant, we have by
integration by parts,

1
E| sup ‘-ﬂn1/2W2>1 2}
[|t<5 (W +1) ( /2
[ee]
<uPV2 >l e [ POV )y
nl/2/2
< Cn /4,

Similarly, we can prove that

TQ(W)
v(W)

‘ <C, Elri(W)|<Cn™', Elrp(W) <Cn' and E

< 71
o(W) ‘ son

for some absolute constant C. One can also check that ||p|| < C for some constant C. This completes
the proof.

We now turn to the proof of Lemma 3.1.

Proof of Lemma 3.1.  Let

n
M:n*1§ oy, Mizn*1§ ;.
i=1

J#i

Thus |[M| < 1 and [W| < n~ /4,
Let F be the sigma filed generated by o. By [4], we have

E[A|F]=n"3*M —n~"/*) " tanh M;

i=1

; " M3
=nAM — 07T <Mi - 31 + O(l)Mf’)
i=1

:n—3/2<M;3 —n7V2W oY1+ |W|5)>- (3.11)

This proves (3.3).
By [4] again, we have

E[A? | F] = 2n73/2 — 2,75/2 Z o; tanh M;

i=1

n

M?

=207 — 27?2 Y o, (Mi -4 0(1)M§>
1=1 3

=20 32(1 —n'W2 + O(n =t (1 + W)
=203 max{1 —n " 'W2 n71} 4+ O(n =2 (1 + WH)). (3.12)

The inequalities (3.5) and (3.6) follows directly from [4]. This completes the proof of Lemma 3.1.
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4 Properties of the Stein solution

In this section, we will recall or prove some basic properties of the Stein solution, mainly following the
arguments in [4]. We start with the Stein equation.

Let Y be a random variable with the probability density function (2.3). For any absolutely continuous
function f, one can show that

E[p(Y)f'(Y)] = E[g(Y)f(Y)]. (4.1)
For a given measureable function h, let fj, be the solution to the following Stein equation:

v(w)f'(w) = g(w) f(w) = h(w) =EMY)], w € (a,b). (4.2)

frlw) = U(w)lp(w) /“’(h(t) — E[h(Y))p(t)dt
1 "
T o(w)p(w) / (h(t) — E[L(Y)))p(t)dt. )

Equation (4.2) has also been discussed in [7,13,14], where an error bound of certain distances (but not
including L; distance) of beta distribution approximation were obtained. Theorem 2.3 provides an Lq
bound for general non-normal approximation.

Lemma 4.1.  Assume that (B4) is satisfied and 6 > 0 with (¢5/c2)0 < 1/2. Then we have

e lg(w + 1) — g(w)] < 2(c5/c3)d + 2(c5/c2)d]g(w)]. (4.4)

Proof.  From (2.8) it follows that

9" (w)| < (es/c2)(1/c2 + |g(@)]).- (4.5)
Thus by the mean value theorem,

sup |g(w +t) — g(w)| < 6 sup |g'(w + )|
1t]<6 It|<6

< o 8(1/ea +lg(w + 1))

< (e5/¢3)8 + (e5/c2)dlg(w)] + (c5/c2)d sup |9(w + 1) = g(w)]

< s/ e300+ es ex)lglw) + 5 sup gl +0) = )]

This yields (4.4).

Lemma 4.2.  Let ||h]] < oo and fi, be the solution to the equation (4.2). Under Conditions (B1)-(B4),
we have

[/l < 2¢c2]lhll, (1 Fngll < 2(e + Bez)||R]l. (4.6)

Proof.  Recall that the solution to (4.2) is given by
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For w < wy, define

and thus

H'(w) = p(w)(1 + cag(w)).

Since g(wo) = 0 and there exists at most one point w; such that cog(wi) +1 = 0, H(w) achieves its
maximum at wy or a. Note that H(a) < 0 by definition and

H(wo) g 1 —(32/61 < 0.

This gives H(w) < 0 for w € (a,wo] and thus |fn(w)| < c2||h]]. Similarly, we can prove fj(w) < c2||hl|
on (wo, b).
Next, we will give the bound of || frg||. For w € (wp,b), by (2.4),

b

| (w)g(w)] = g(w)]e@™ / e~ gy

w V()
b
< Q(w)/ g(t) Q) /
ae v(t) dt + Be®( ; p(t)dt
< a+ Bes.

Similarly, for w € (a,wy),

| fu(w)g(w)] < a+ Bes.

This completes the proof.

Lemma 4.3.  Let f5 be the solution given by (4.3). Assume that Conditions (B1)—(B4) are satisfied
and that h is absolutely continuous with |h'|| < co. Then

Ifull < esllBll, ARl < ClIRN, (4.7)
Ifng Il < esPll, L frgll < ClR, 48

where C' is a constant depending on «, B, co,c3,cq and cs.
Proof.  Since h is absolutely continuous,

b

h(y) — E[h(Y)] = / ’ () ()t — / R (£)(1 — F(t))dt.

By (4.3), we have
Pl = [ " (h(t) — BIRY))p(t)dt
a , ,
) / WO F(t)dt — F(y) / (61 — F(t)dt. (4.9)
Hence,
Yy b
)] < 7] <<1 ~ W) [ PO+ F) [ 0= F(t))dt) (4.10)

From (2.6), we know for y € (wp, b),

1= F(y) < cov(y)p(y) min{1,1/[g(y)l}-
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By Condition (B2), we can similarly prove
b
| oontit < extupt), for e (@b
y
Note that for y € (wp, b),

[ Peas=urw - [ war

Thus,

(1—F()/ t)dt + F(y /yb

b
< min{ey, (@ + Be2)/19(y) [}yl + E[Y)o(y)p(y )+/ min{cy, (@ + fea)/|g(t)[Jo(t)p(t)dt

(4.11)

b
< min{es, (a + Be2)/19(y) [}yl + EY v(y)p(y) + min{ez, a(a + Be2)/(l9(y)| — B)} / v(t)p(t)dt,

where we used (2.4) in the last line. When |g(y)| — 8 < a?/ca + a8, we have min{ca, a(a + Be2)/(|g(y)|

— )} = ca. Otherwise, |g(y)| = (o + 1)8 and thus

ala+ Be)/(l9(y)l = B) < (a+1)(a+ Bez)/1g(y)l.

Hence, we can rewrite these terms above as

" b
_F(y)) / F(t)dt + F(y) / (1 — F(t))dt

< minfez, (a + Be2)/|9(y) [}yl + E[Y v(y)p(y)
+min{cy, (a + 1)(a + Bez)/19(y)| }eav(y)p(y)-

Hence, by (2.8), for y € (wo, b),

Y b
max{1,|g'<y>|}(<1—F<y>> [ P ro) [ <1—F<t>>dt)

< w(y)p(y) max{1, ¢'(y)} min{ea, (a + 1)(a + Be2) /|g(y) |} (ly| + E[Y] + c2)
< es0(y)p(y)-

Similarly, for y € (a,wy),
b
max{1,lg )1} (1= ) [ O+ 7o) [ 0= ) < cotunio)

By (4.10), (4.13) and (4.14), we have

Ifull < esllP’ll, (1 fng'll < eslIP-

Next, we prove the second inequality of (4.7). By [7], we have

$)ds|G(y)| + [, (1 - F(s))ds|H<y>|)
v2(y)p(y) ’

W)l < ||h'||(f

where

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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When y € (wo, b) and if v is non-increasing,

b
[[a-roafi 20
b
< cz/ v(s)p(s)ds|1+ vgzgzzju)‘
< el +a+fe)uly)
and thus
(1= F(s))ds| H(y)|
v*(y)p(y) <ce(l+a+ Bey). o
By (4.11),

Ja F(o)ds|G)l _ yIG(y) L EYIG(y)
(yply) 2ply) 2 (Wp(y)
Recall that

then

(yl +EYDIG)| (vl +EIYD] [ (9(t) — g(y)p(t)dt]
(

yply) v2(y)p(y)
(Jyl + E[YD| [, 9' )1 = F(t))dt]
v2(y)p(y)
ca(lyl + BIY]) [} 19/ (D)]o()p(t)dt
b v2(y)p(y)
ca [ |g'(0)|(1t] + BY)p(t)dt
h u(y)p(y)
es [y (19(t)] + 1/c2)p(t)dt
h v(y)p(y)
cs [ (ag(t) +1/cz + B)p(t)dt
b v(y)p(y)
<G,
where C' is a constant depending on c¢s, ¢5, @ and 3. Therefore,
wp 2 FECW]+ J; (L= F(s))ds| H(y)|
Y€ (wo,b) v2(y)p(y) o
Similarly, we can also prove that if 1/v(y) < 1/c3 we have
sup ) F(s)ds|G(y)| + f 1 — F(s))ds|H (y)|
v (wo.b) v2(y)p(y) o

For y € (a,wp), if v(y) is non-decreasing or 1/v(y) < 1/c3, we also have

“up S F(s)ds|Gy)| + [ (1 = F(s))ds|H(y)]

<C.
y€(a,wo) v2(y)p(y)
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This proves || f; || < C||F|.
Finally, we will give the bound of f;g. From (4.2), we have

Yu—frg=h"+9g fa—1'f}.
Thus
(frop)" = filvp — frgp = h'p+ g fup — V' fip

and

x

mu>ﬂmwwmm|=puo/<Mm@w+@vmaw4Uﬁm@w4

b
mm/wwm+@mmm—wﬂmmﬂ

< ClPlg ()| min{ F(x), 1 — F(z)}
< CW|v(@)p().
This proves || f; g|| < C||I’|| where C'is a constant.

Lemma 4.4.  Let f}, be the solution given by (4.3) and satisfy the conditions in Lemma 4.3. We have
[fu(@ +1) — fr(@)] < CIR[I[E]/v(=). (4.18)

Proof.  Observe that

[l +1) = fr(2)]

_ | fn@ gl +t)  fulz)g(z) | h(z+1) —ERY)] _ h(z) - E[AY)] }
v(x +1t) v(x v(x + 1) v(x)

1 1

)
< (e + )g@+1) +hla+1) =EAY)I x| =

=: L1+ Lo+ Ls.

We next give the bounds of L1, Lo and L3. For Ly,

1 1

(@ +1) — ()] calt]
vz +t) v(z) s

[v
s v(@)v(z+t) T vlx+t)v(s)

and by (4.6), we have

cal fr(z + D[]
v(x)

Li < < ORIt /o(x). (4.19)

For Lo, it is easy to see

1 Fng'Il + I Fng DIt
v(x)

Finally, for Lz, we have Lz < |R/||[t|/v(z). This proves the lemma.

Ly< | < ClIH||t]/v(x). (4.20)

5 Proof of main results

Theorem 2.2 is a direct consequence of Theorem 2.3.
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Proof of Theorem 2.3. Recall that A =W — W’ and observe that

0 =E[W —W")(f(W)+ f(W))]
= 2XAE[f(W)g(W)] + 2AE[f (W)r(W)] = B[A(f (W) — f(W))]

= 2E[f(W)E[A|W]]—E A/ f’(W+t)dt]
= 2\E[f (W) g(W)] + 2XE[f (W )ri (W —2)\E[/_Oo W + ) K (t)dt

where K (t) = E[5 (L(—A <t < 0) — 1(0 < t < —A)) | W]. Therefore,

/ FW + DK (t)dt — BLF(W)r (W) (5.1)

By (2.2), we have

1
2\

Now for f given in (4.3), by (5.1), (5.2), Lemmas 4.3 and 4.4, we have
[E[R(W)] = E[R(Y)]| = [Ep(W) (W) — g(W) fu(W)]|
=[50 09 7)) - Bl ) - [ ) - ovan

< |V (E|r1(W)| + Elra(W)| + EL(;V) /_Oo |t|f<(t)dtD
< CIW||(Elri(W)] + Elro(W)| + E|A® /Av(W))). (5.3)

E[f'(W)A®] = E[f (W)o(W)] + E[f'(W)ra(W)]. (5:2)

This completes the proof.

Proof of Theorem 2.4.  The inequality (2.14) is trivial if 2¢50/ca > 1. We assume that 2¢50/co < 1
below. Now let h(W) = 1(W < z). Assume that |A] <. By (5.1),

Eutsé f’(W+t)IA{(t)dt}
E{/tqf(W—i—t)q(W—i—t)K'(t)dt]

(R(W +1t) = E[R(Y)]) K (1)
+E[/t<5 oW 4D dt]. (5.4)

E[f(W)g(W) + f(W)ri(W)]

Observe that

[ O] (SIS
B /t|<a (’U(‘lﬁ/) v(W1 ) K(t)dt

Then we have by (5.4),

P(Wgz—é)—P(Ygz)gE[/t

It1<6

(F(W)g(W) = F(W + t)g(W + 1)K Uﬂ
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* ‘EM@ (o) = w41y KO ’

r2(W) "

+ 20E|m(W)|+E o (W)

where we used (4.6) in the last inequality.
We only need to obtain the bounds of the following two terms:

: :/ﬂ@ (o) = w1y K0

and

B / _ OV )aW) = SOV + 040 + 1) fqt)dt}

For the term (5.7), we have

5| s (o) = a5y KO

I<
< ‘;QEL?;% U(W1+t) ‘]I(W e Ulg)}
+E[ s (U(Iljv) - U(W1+ t))f((t)dt]l(W € 12)]

As to (5.8), we first find the bound of supj, s |f(W+V[),J£¥;/+t) (‘ZV()Wg(W | - 1(x € I). Note that

fW +1)g(W +1) f(W)g(W)‘

v(W +t) (W)
‘f (W +t)g(W +1) f(W-l—t)g(W—l—t)‘

o(W +1t) v(W)

fW +t)g(W +1t) f(W+t)9(W)‘

v(W) v(W)

fW+t)gW) f(W)g(W)’

v(W) v(W)
= J1+ Jo + Js.

Recalling that

1
sup sup ce, sup sup [v'(z +1t)] < ey
ltl<szel, | V(T +1) } <o el ’
we have
£ gllcalt| >
J1 < < cge t|.

For J,, we have for x € I and ¢50/co < 1/2,

sup lg(@ +1) — g(2)| < 2(cs/c3)d + 2(es/c2)d]g(w),

then Jo < 2(esee/c2)||fl|6(1/ea + |g(W)|). For Js,

J3 < cgd sup |f/(W +t)g(W)|
t1<s
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< (1 £gll + 1Dalg(W)].

Therefore, recalling that || f|| < 2¢a, || fg]l < 2(a 4 Bcz) we have

EU“Q(J’(W)q(W) — (W +)q(W + ) K (t)dt - L(W € L)

53
< ((a + Bez)cger + eses/ca + escBlg(W)| + g (a + 1+ Bea)Elg(W))).

For (5.8), similarly we have
B [ [ GOvaw) = 507 + 0w + t>>f(<t>dt}
It]<6
<E [ /| _ LHOV)A00) = 0V a0 + DI (007 € 1 m}

+E[ /  OV)a() SOV -+ 0007+ ) K107 & m]

|fgll6? 1 - )
Iy ELiug% v(W+t)H +E{/t|<6|f(W)q(W) FTW +t)gW + )| K(t)dtL(W € 1)

2(a+ 626, 63
< (o 6;2) 'y \ ((a + Beg)cier + esce/ca + cscE|lg(W)| + ca(a + 1 4 Bez)E|g(W)]).

< |

Therefore, combining those inequalities, we have

PW<z—-0)—PY <2)
T’Q(W)
v(W)

2(a + Beg +1)626;

< 262E|7“1(W)| +E A

K
(53 2 2
3 ((a + Bea)cger + esce/ca + escgElg(W)| + (o + 1 + Bea)Elg(W))). (5.9)
Moreover, P(z — 0 <Y < z) < ||p||d. Hence,

PW<z-0)—PY <z—-9)
T’Q(W)
v(W)

2(a + Beg +1)626;

< 20E|r (W) 4+ E \

+ lIpllo

-+
53

+ ((a+ Bea)cger + esco/ez + escBlg(W)| + c5 (e + 1+ Bea)Elg(W))).

Similarly,
PY<z246)—P(W<z49)

T2 (W)
v(W)

2(a + Beg +1)626;

< 2cE[r (W) + E )

+ [Ip[lo

-+
53 2 2
+ (e Bea)cger + esce/ca + esceElg(W)| + (o + 1 + Sea)Elg(W)]).

This completes the proof.
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