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Joint distribution functions



Introduction ? A MHAY
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m We have been considering one-variate random variables.
m How to study the distributions of two random variables X and Y?

m How to study their relationships?



Definition of random vectors

Sample space: Q
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Y(w)

Value space: R?

X(w),Y(w))

X(w) X
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Definition of random vectors ? A3 ML,

Definition 1

Let (Q, #, P) be a probability space. We say (X,Y) is a 2-dimensional random vector, or
a bivariate random variable if w — (X(w),Y(w)) is a function valued on R2.

Example 2 (Some examples)
m Let O = {all students at SUSTech}, and X(w) = height of w, Y(w) = age of w.

m Let O = {all products in a supermarket}, and X(w) = price of w, Y(w) =
date of manufacture of w.

m Can you give some examples?



p-dimensional random vectors & AIMuLY

SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY

Definition 3

Generally, we say (Xi,X», ..., X,) is a p-variate random variable, or a p-dimensional ran-
dom vector, if w = (X1 (w), X2(w), ..., Xp(w)) is a p-dimensional function on RP.

Remark

In the following part of this note, we will focus on the bivariate random variables without
further announcement.



Joint distribution functions

m For any two random variables X and Y, the joint distribution function of X and Y is
defined by

Flx,y) =P{X <x,Y <y}, —-o0<x,y< o0,

* (x,y)

P{X <x,Y <y}
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Properties of F(x, y) ? A3 ML,

Proposition 4
Denote by Fx and Fy the distribution functions of X and Y, respectively. We have
FX(X):F(x)OO): FY(y):F(OO,y)-

The distribution functions Fx and Fy are sometimes referred to as the marginal dis-
tribution.
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Properties of F(x, y) ‘{' ALY

Proposition 5

For any x and y,

P{X >x,Y >y} =1-Fx(x) — Fy(y) + F(x,y).



Joint mass function ?,_:,iﬂi AWk AY

m If X and Y are both discrete random variables, the joint probability mass function of X
and Y is defined as

px,y) =P{X =x,Y =y}.
m The marginal probability mass function of X can be obtained by

px(x) =P{X=x}= > pxy).

y:p(x,y)>0
m Similarly,

pr(y) =P{y=y}= >, p(x,y).

x:p(x,y)>0

10
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Examples & AIMBLY

Example 6

Suppose that 3 balls are randomly selected from an urn containing 3 red, 4 white,
and 5 blue balls. If we let X and Y denote, respectively, the number of red and
white balls chosen, find the joint mass function of (X,Y).

Solution.

Let X and Y denote the number of red and white balls chosen, respectively, then the joint
probability mass function of X and Y is given by

(0,0) = P{X = 0 Y=0}=@=£z00455
p b b (132) 220 . bl
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Solution ? A3 ML,

The pmf of (X,Y) can be listed in the following table:

o r=J 0 | 2 3 Row sum = P{X = i}
0 0.0455 0.1818 0.1364 0.0182 0.3819
1 0.1364 0.2727 0.0818 0 0.4909
2 0.0682 0.0545 0 0 0.1227
3 0.0045 0 0 0 0.0045
Column sum = P{Y = j} | 0.2546 0.5090 0.2182 0.0182 1

Table: Joint pmf of random variables X and Y



Properties of joint pmf

Proposition 7

Joint pmf p(x,y) has the following basic properties:
(a) Non-negativity: p(x,y) > 0;

(b) Normalization:

> > pxy) =1
x oy

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY



Examples MK R E T
Example 8

Let X be a number uniformly chosen from 1,2, 3,4, and let Y be a number uniformly
chosen from 1,2, ...,X. Find the joint pmf of (X,Y) and find P(X =Y).



Jointly continuous random variables
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Definition 9

X and Y are said to be jointly continuous if
there exists a function f : RX R — Ryg
such that for every D c R2,

P{(X,Y) e D} = / f(x,y)dxdy.

(x,y)eD

The function f(x, y) is called the joint prob-
ability density function of X and Y.




Properties

m In particular, if D = A X B, thatis, D = {(x,y) : x € A,y € B}, we have

P{X €AY € B} = /B(/Af(x, y)dx)dy.

m The joint distribution function is given by

Flx,y) =P{X <x,Y<y}= /y /x f(u,v)dudv.

m It follows that
52
x,y) = ——F(x,y).
f(x,y) axay( y)

m Moreover, if Aa and Ab are small,

P{a <X <a+Aa,b<Y <b+Ab} ~ f(a,b)AaAb.

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY



17

(a+4a,b+Ab)
Ab

(a, b)

Aa

few)

DHa



Properties

Joint pdf has the following properties:

(a) Non-negativity: f(x,y) > 0 almost everywhere;

/m/mf(x,y)dydle.

(b) Normalization:

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY
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Marginal density of continuous random vectors ? A3 Wi %Y
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Proposition 10

If X and Y are jointly continuous with joint pdf f(x,y), then they are individually
continuous, and their pdf are given as follows:

6= f Fenin, ) = / £x,)dx.
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Examples

Example 11

The joint density function of X and Y is
given by

2% 0 <x,y<oo
flx,y) = .
0 otherwise

Compute
(@) P{X >1,Y<1};

(b) P{X <Y};

(c) P{X < a} for some a > 0.

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
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Solution.
(@) We have

1 00
P{X>1,Y <1} :/ (/ 2e_x_2ydx)dy
0o \J1
1 o0
:/ 2e‘2y(/ e_xdx)dy
0 1
1
= 6_1/ 2e~Ydy
0

=e (1 -e7?) ~0.3181.
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(b) We have
P{X <Y}

= // 2e X Wdxdy

(,y):x<y

-
-

Il
S~

WlH— =

o ry
(/ 2e_x_2ydx)dy
0

" (2e)(1 - e Y)dy

2e‘2ydy—/ 2e~Vdy
0

|
Wl o

f(x,y) = 2752

L:V

v

The region x <y
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(c) For any a > 0,

a o)
]P{X<a}:/ (/ 2e_x_2ydy)dx
0 0
a
=/ e *dx
0

=1-e9



Examples
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Example 12

Let X and Y follow the joint density function
given by

c ifx?2+y? <R?

0 otherwise

flx,y) ={

for some value of c.
(a) Determine c.

(b) Find the marginal density functions of X
andvY.

(c) Let D be the distance between (0, 0) and
(X,Y). Compute P{D < a}.

(d) Find E[D].

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
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Solution.

(a) Because

it follows that

/mf(x, y)dxdy =1,

1
c// =1 = ¢c= —.
x2+y2<R?
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Solution.
(b) Observe that if |x| <R,

i) = / FCo )y

| VR
= — dy
nR? J_vrre2

_ 2VR? —x?
~ gR2
and fx(x) =0 if |x| > R.
By symmetry,

24/R2 — y2
fr(y) = TR2
0 otherwise.

if [x| <R,



Solution.

(c) For any 0 € 2 <R,

P{D < z} = P{VX2+Y2 < 2}
=P{X?+Y2 < 2%}

- [ sy

(x,y):x2+y2 <22
7[22 22

ZR2 _ R2

For 2 >R, P{D < z} =1.

27
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Solution.

(d) From (c), we have

Hence,
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Examples

Example 13
Assume that (X,Y) has the following pdf

1 0<x<1,|yl <x,
0 otherwise.

flx,y) = {
Find
(a) the marginal density of X and Y, respectively;
(b) P(X < 1/2);

(c) P(Y > 1/2).

SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY
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Question ? Z R tet

If we are given the marginal distributions of X and Y, can we determine
the joint distribution of (X,Y)?

30



Examples
Example 14
The following two joint densities have same marginal distributions:
x+y 0<x,y<]1,
xX,y) =
fx) {0 otherwise.

and

0.5+x)(0.5+y) 0<x,y<1,
0 otherwise.

g(x,y) = {

31
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Independent random variables



Independence of random variables ? AWk AY

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m We have already defined independence of events:
P(ENF) =P(E) P(F).

m For two random variables X and Y, if the behavior of X does not affect the distribution of
Y, or verse versa, we can also say that X and Y are “independent”.

33
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Definition 15

Let (Q, #,P) be a probability space, on which defining two random variables X and Y,
respectively. We say X and Y are independent if

{X € A} is independent of {Y € B} forall A,B C R.
Remark
In particular, for all x,y € R,

P{X <x,Y <y} =P{X <x}P{Y < y}.



Properties & AIMLL

Proposition 16

If X and Y are jointly discrete random variables with joint pmf p(x,y), then the
following two arguments are equivalent:

(i) X and Y are independent.
(i) p(x,y) = px(x)py(y) for all x,y € R.

If X and Y are jointly continuous random variables with joint pdf f(x,y), then the
following are equivalent:

(i) X and Y are independent.

(i) f(x,y) = fx(x)fr(y) for all x,y € R.

35
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Example 17 (Poker cards)

Suppose there are two piles of cards: {2, &), &, &} and {&), &), &), ¥)}- We randomly
select one card from each pile, and let X be the card value of &, and let Y be the

card value of ».
Are X and Y independent?

Solution.

The sample space if Q = {(&, &), (&, &),---, (&), [®)} containing 16 elements. Let F be
the power set of Q, and P is the classical probability. Then,

4 1
]P{X = 2} = ]P{(’ )’ (’ )’ (, ), (: )} = 1_6 = 4_1’

and similarly, P{X =i} =P{Y = j} =1/4 for all 2 < i,j < 5. Moreover, for any 2 < i,j < 5,
we have P{X =i,Y = j} =1/16. Then, X and Y are independent. [



Examples & AIMLL
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Example 18

Suppose that X and Y are jointly discrete random variables with marginal distribu-
tion as follows:

X -1 0 1
px 1/4 1/2 1/4

and

Yy O 1
py 1/2 1/2

If P{XY =0} =1, find
(a) the joint pmf of X and Y,

(b) whether X and Y are independent?
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Examples ? ALY

38

Example 19

Suppose that X and Y are independent continuous random variables with pdf fyx and
fv, respectively. Find the distribution functions of Z = max(X,Y) and W = min(X,Y).

Solution.
The cdf of Z is

Fz(z) = P(max(X,Y) < 2)
=P{X <zY <z}
=P{X <z} P{Y < 2}
= Fx(2)Fy(2). [ |



Independence of many random variables ‘{' ALY
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Definition 20

Discrete random variables Xy, ..., X, are said to be mutually independent (or simply, in-
dependent) if

P{X1=x1,.... X =xn} =P{X1 =x1} - - - P{X; = x}

forall xq,...,x, € R.

39



Examples ? ALY

40
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Example 21

Suppose that the number of people who enter a post office on a given day is a
Poisson random variable with parameter A. If each person who enters the post
office is a male with probability p and a female with probability 1 — p, then the
number of males and females entering the post office are independent Poisson
random variables with respective parameters Ap and A(1 — p).
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Solution.

Let X and Y denote the number of males and females that enter the post office, respectively.
We shall show the independence of X and Y by showing that

P{X =1iY =j} =P{X =i} P{Y = j}.
Note that
PX=i,Y=j}=P{X=04,Y=j|X+Y=i+j}P{X+Y =i+ j}.
Because X +Y is the total number of people who enter the post office, it follows that

Ai+j
(i+)!

P{X+Y=i+j}=e?
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Given that i + j people enter the post office, it follows that X ~ Binomial(i + j, p), and
therefore,

p '
P{X=iY=jlX+Y = i+j}(l .])Pl(l -p).
i
Hence,

+C na-py -
5!

=AP () p)i —-A(1-p)[A(1-p)
]P{X:i’Y:j}:e ¢ ( p) }{e }

il il



Examples
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Example 22 (Buffon’ s needle problem)

A table is ruled with equidistant paral-
lel lines a distance D apart. A needle
of length L, where L < D, is randomly
thrown on the table. What is the proba-
bility that the needle will intersect one of
the lines (the other possibility being that
the needle will be completely contained
in the strip between two lines)?

Figure: Buffon (1707-1788)
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Solution.

Let us determine the position of the needle by specifying (1) the distance X from the middle
point of the needle to the nearest parallel line and (2) the angle 6 between the needle and
the projected line of length X. Then, the needle will intersect a line if the hypotenuse of
the right triangle is less than L/2:

X L

cos @ < 2°

Now, notice that X varies between 0 and D/2 and 0 between 0 and x/2, and assume that
they are independent. Hence,

P{X < Ecos 0} = // fx(x) fo(y)dxdy = 2—L [
2 x<Lcosy/2 D

s

* o~ Line 2

e

Line 1
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An important proposition ? A3 NS
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Proposition 23

The continuous (discrete) random variables X and Y are independent if and only if their
joint probability density (mass) function can be expressed as

f(x,y) =h(x)g(y) —oco<x,y< oco.
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Proof (Continuous case only).

(i) &= . First, note that independence implies that the joint density is the product of the
marginal densities of X and Y, so the preceding factorization will hold when the random
variables are independent.

(i) = . Suppose that f(x,y) = h(x)g(y), then

1= [ [ sy
- ( / :h(x)dx)( / :g<y>dy) = CiCo.

fx(x) = / £ n)dy = GG, () = Crz(e)s

Also,

and it follows that f(x,y) = fx(x)fy(y), which proves the result. ]



Examples

Example 24

If the joint density function of X and Y is

6e 2 0 <x,y<oo

f(x,y) ={

0 otherwise.

Are these random variables indepen-
dent?

47
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Example 25

What if the joint density function is

fx,y) =24xy
0<x<1,0<y<1l,0<x+y<l1

and is equal to 0 otherwise?




Examples

Example 26

Let X,Y, Z be independent and uniformly distributed over (0, 1).

Compute P{X > YZ}.

Solution.

P(X >7Z) = // )
X2yz

:/1(/1(1—yz)dy)dz
/ (1- %z)dz

49
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Question

Whether X and Y are independent?

6xy O<x<1,0<y<l,
i) flx,y) = .
otherwise

(x,y) = O0<y<x<l,
(ii)
Sy 122 O<y<x<l,
6e™2*73 x>0,y >0,
(i) f(x,y) =
0 otherwise
+% 0<x<1,0<y<2,
(iv) f(xy)—{ s

0 otherwise

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr



Sums of independent random variables



The distribution of X +Y

m Suppose that X and Y are independent,
continuous random variables having pdf

fx and fy.
m Thecdfof X +Y is
FX+Y(Z) = ]P{X +Y < Z}

- / fx () fy (9)dxdy

X+y<z

- [ :( / :yfx(X)dX)fy(y)dy

- / " Fe(z - y)dFy ()

= (Fx * Fy)(z).

52
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X+y<zg




cdf and pdf of X +Y
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Definition 27 (Convolutions)

The convolution of two distribution functions F and G is defined to be

(F%G)(z) = / F(z - 5)dG(y).

(9]

The convolution of two density functions f and g is defined as

(f *£)(2) = / " A

Proposition 28
If X and Y are independent, then the pdf of X +Y is

fxar (2) = (fx * fr)(2).

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu



Identically distributed variables % :51%4%:&:&%
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Definition 29

Random variables X and Y are said to be identically distributed if Fx = Fy.
If X and Y are independent and identically distributed, then we write X and Y are i.i.d. for
brevity.

Remark

® X and Y may not be defined on the same probability space. For example, let Q; =
{®, ®}, and Q5 = (0, 1], and define the classical probabilities on them. Let X ({3)) =
1,X(@®) =0, and letY(w) = 1 if w € (0,1/2] and 0 otherwise. Then, X and Y are
identically distributed.

m Identically random variables are not necessarily independent. To see this, let Y be
defined as above, and let Z =1 -Y. Then, Y and Z are identically distributed but not
independent.
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Sum of two independent uniform random variables (& A3 ##4%

55

Example 30

If X and Y are i.i.d. Uniform random variables over (0, 1), calculate the probability
density of X +Y.



Sum of two independent uniform random variables

Proof.
Note that
1 O0<x<1
xX) = xX) =
fx() = fr(x) {0 otherwise
we obtain

1 1
U * fo) (@) = /0 ol = iy = / 10 < 2y < 1)dy

Z 0<z<1,

1Az
2/ dy=492-2 1<z<2,
0

-1
V= 0 otherwise.

56
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Sum of n independent uniform variables ? ALY
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Example 31

Let X1,X5,...,X, be independent U(0, 1) random variables, and let F,, be the distri-
bution function of X7 +...X,.
(i) Prove by induction that

xn
Fn(x) = o 0<x

N

1.
(ii) Let
N =min{n : X3 +---+ X, > 1}.

Prove that E[N] =e.



Sums of exponential random variables & hIMuky

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m Let X and Y are i.i.d. Exp(A) random variables. What is the density function of X +Y?

m We have for z > 0,
frer(2) = / 12650 M (5 — y > 0)dy
0
Z
= A2e_Az/ ldy
0
= A2ze7 7%,

m Continue this argument, we have for independent random variables
Xl) e ;Xn ~ EXp(A),
Ae—/lz Az n—1
fX1+~~~+Xn (Z) = ﬁ, 0<z<oo.

59
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Gamma distribution ? A3 ML,
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Definition 32 (Gamma distribution)

A random variable is said to have a Gamma distribution with parameters k (shape) and 4
(scale), written as X ~ Gamma(k, 4), if the density function of X is given by

Akxk—le—itx
rkk)y -~

0<x < 0.

flx) =

Remark
Note that Exp(1) = Gamma(1, A). Moreover, if X1, ..., X, ~ Exp(4), then

X1+ -+ X, ~Gamma(n, 7).



Gamma densities

\?, £/ SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY

f(x) Gamma Densities
1 _
— k=1,A=05
=1,A=1
0.8 | =1,A=2
0.6
0.4+
0.2 +
- + f > X
4 6 8 10

61
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Sums of gamma random variables & AIMLE
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Proposition 33

If X and Y are independent gamma random variables with respective parameters (ki, A)
and (kg,A), then X +Y is a gamma random variable with parameters (ki + kg, A).

Proof.
We obtain

_ 1 ? ) I S T | ko—1
fror(s) = s [ A A= )] e () ey

Ak1+kge—lz 4 | ]
— — a1 k=14
r<k1>r<k2>/o (= -y dy

Ak1+k2€_AZZk1+k2_1
I'(ki)I (k2)

Ak1+k22’k1+k2_1e_AZ

1
1 — )k~ Lkl gy = . .
‘/0 (1 =277 * I'(ky +ka)
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x-distribution EAEEE T2

63

Definition 34 (x2-distribution)

If Zy,...,Z, are independent N(0, 1) random variables, then Y = X! | Zl? is said to have
the x? distribution (chi-squared distribution) with n degrees of freedom.



Normal random variables CIEEE Y
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Proposition 35

If Xi,...,X, are independent random variables with respective parameters pi,aiz for
i=1,...,n, then for any a; € R,

Zn] o X; ~ N(an ail;, Zn: a?o?).
i=1 i=1 i=1

64



Examples & AIMLL
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Example 36

A basketball team will play a 44-game season. Twenty-six of these games are
against class A teams and 18 are against class B teams. Suppose that the team
will win each game against a class A team with probability 0.4 and will win each
game against a class B team with probability 0.7. Suppose also that the results of
the different games are independent. Approximate the probability that

(a) the team wins 25 games or more;

(b) the team wins more games against class A teams than it does against class B
teams.
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Poisson and Binomial random variables & AIMiAY

Proposition 37

If X ~ Poisson(A1) and Y ~ Poisson(A2) are independent random variables, then

X +Y ~ Poisson(A1 + As).

Proof.

]P{X+Y:n}:i]P{X:k,Y:n—k}

k=0
n
= Z P{X =k} P{Y =n -k} by independence
k=0
k —k
IR
— k! (n—k)!
o~ (l1+12)

= —n‘ (/11 +12)n. u

66



Some commonly used sums & AIMuAY

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

X1 Ber(p) Binom(n, p) Poisson(A1) Exp(A) I'(ky,7) N(pu1,0%)

X2 Ber(p) Binom(m, p) Poisson(A2) Exp(A) I'(ka, A) N(us, 03)

X1 +Xy Binom(2,p) Binom(m+n,p) Poisson(A; +42) I'(2,A) TI'(ky+k2,A) N(py+p2,02 +03)

Table: Sum of Two Independent Variables

67



Conditional distributions



Introduction ®)

m Conditional probability

m Conditional distribution: given the information of X, how does Y behave?

69

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr



Conditional distribution: Discrete case ? ASMBALY
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Definition 38
If X and Y are discrete random variables with joint pmf p(x, y), the conditional probability
mass function of X givenY =y is defined as

3 o P,y
pxjy(x|ly) =P{X =x|Y =y} = e (W)

for all values of y such that py(y) > 0.
The conditional distribution function of X given that Y = y is defined as

Fxy(x|y) = P{X <x|Y =y} = > pxjy (uly).

usx
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Example 39
Suppose that the joint probability mass function of X and Y is given by

p(0,0)=0.4, p(0,1)=0.2, p(1,0)=0.1, p(1,1)=0.3.

Calculate the conditional pmf of X givenY = 1.

Solution.
Note that
pr(1) = > p(x,1) = p(0,1) + p(1,1) = 0.5.
X
Hence,
p(0,1) 2 p(1,1) 3
0[1) = ==y 1]1) = = —.
PX|Y( [1) oy (1) 5 PX|Y( [1) py(1) 5



Poisson distribution A EE 2T

If X; ~ Poisson(41) and X> ~ Poisson(A,) are independent random variables, then

PX|X+Y(k|n) =?

72



Conditional distribution: continuous case ‘{' ASMBALY
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Definition 40
If X and Y have a joint pdf f(x, y), then the conditional pdf of X given Y = y is defined as

f(x,y)
fr(v)

fxiy(xly) = for all y such that fy(y) > 0.



Examples
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Example 41
The joint density of X and Y is given by

fx y):{%x@—x—y) 0O<x,y<l1

0 otherwise

Compute the conditional pdf of X given thatY =y, where 0 <y < 1.

Solution.

foy) _ x@-x-y)
F@W  [1x@2-x-y)dx
_ 6x(2-x-1y)
4-3y

fX|Y(X|y) =

0<x,y<l.
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75

CE.

=

SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY

0.5

U G Ay iy iy gy



rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Joint probability distribution of (X, Y) CAEFE T

B Let X and Y be jointly continuous random variables with joint pdf fxy.

m In may questions, we want to obtain the joint distribution f;; of X and Y, where

U=g(X,Y), V=h(XY).

m Assume that g and h both have continuous partial derivatives at all points (x, y) and

9g
ox
Jeey) =

ax

76

og
y
dh
ay

# 0 at all points (x, y).
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Theorem 42

Under these two conditions, it can be shown that the random variables U and V are
Jjointly continuous with joint pdf

fuv(W,v) = fey (e, y)lJ(x, v

where x =g(u,v) and y = E(u, v) is the inverse of g and h.



Examples ? A M LY

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Example 43

If X and Y be jointly continuous random variables with probability density function
fxy. LetU=X+Y and V=X -Y. Find the joint pdf of U and V.

78
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Solution.

Let g(x,y) =x+y and h(x,y) =x —y. Then,

1
J(x,y) = ‘1

Also, solve equation system

u=x+y
=
v=x-y

Therefore,

fuoy(u,v) = fXY(

1
_J__2
u+v
X =
2
_u—l/
YTy

u+v u-—-v
2

)



Examples & AIMLL
Example 44

Let (X,Y) denote a random point in the plane, and assume that the rectangular
coordinates X and Y are independent standard normal random variables. Let (R, ®)
be the polar coordinate representation of (X,Y). Find the joint pdf of (R, 6).

80
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Solution.

For any positive x and y, let

r=gi(x,y) =vx2+y?, 6=

Then,

and

0g1 X

x 2t g?
%2 _ __ Y
ax x2 +y?’

g2(x,y) = tan™ 2,
X
%1 _ Y
W Ty
0g9 X

W Tty

x y
V2 +y

Yy X
i 2+ y2
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Note that
2 —(2a)/2
fX,y(x,y|X>0,Y>O):;e s x>0,y > 0.
Then,
2 _r2/2
fre(r,01X >0,Y >0) = —re , 0<0<m/2,0<r <00,
T
Similarly, we can show that
2 _r2/2 T
fre(r,0|X <0,Y >0) = —re , §<9<7r,0<r<oo,
7T
2
fre(r,0]X <0,Y <0) = —re_r2/2, a1 <60 <31/2,0 <1 < 00,
7T
2
fre(r,0|X >0,Y <0) = —re_r2/2, 3m/2 <0 < 2,0 <1 < 00.
7T

Combining, we obtain fze(r,0) = %reﬁﬂ, 0<0<2m,0<r < oo.



Examples gv A3 ML
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Example 45

If X ~ Gamma(a,A) and Y ~ Gamma(p, 1) are independent, compute the joint

density of U=X+Y and V = 2.

Solution.
The joint pdf of X and Y is given by
Fer(ay) = e M (Ax)2 1 Ae W (Ay)P-!
BT T ) r'(B)
Aa+ﬁ
=———e
r'(a)r'(B)

—A(x+y)xo(—1yﬁ—1 ]



Examples %)

Now, let g1(x,y) =x +y and g2(x,y) = x/(x +y), then

‘xﬂ:&ﬂ:l 982 _ Yy 98 ___ x
dx dy oax (x+y)? oy (x+y)%’
S0
1 1
1
J(X, y) = y —-X = —x_+ y

(x+y)?  (x+y)?

84
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Examples

Moreover, as the equations u = x+y and v = x/(x+y) have solutions x = uv and y = u(1-v),
we see that

fuy (W, v) = fxy(uv,u(l —v))|u|
_ Ae M (Aw) -1 v -1 (1 —v)P-r(a + B) .

I'(a+p) r(a)r(p)

I'(a+B,1) Beta(a,f3)

85



Further reading

[1] Sheldon M. Ross (1/R%E - M. ZHf).
A first course in probability (1% % & K zh#42): Chapter 6.
10th edition ([RFBFE k), FAK Il KR+t

[2] Sheldon M. Ross (HI/RE& « M. ZH).

Introduction to Probability Models (4 %45 A $-i&): Chapter 3.

12th edition (R HE+hR), AEHBE TR T
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Random variables CE T rs:

87

m We have introduced the concept of random variables.
m We also defined cdf and pmf:

P{X<x}, P{X=x}, Pla<X<b}...
m RememberthatX : Q — R, forany a < b,

{a <X <b}={w:a<X(w) <b} needtobe measurable



Borel sets and Borel field ? A M LY
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Definition 46

The Borel field, denoted by % (R), or simply &, is the smallest o-field containing all inter-
vals {(a,b] : —o0 < a < b < oo}.

Remark
Observe that

a} = Jta-=,al,
n=1

(a,b) = (a,b] \ {b},

[a,b] = (a,b] U {a},

[a,b) = ((a,b] \ {b}) U {a}
all belongs to A.

88



A formal definition of Random variable

89

Definition 47 (Random variable)

Let (Q, &, IP) be a probability space, and let
X : Q — R be a function. If

{(XeB}={w:X(w) eB}=X"'(B) e ZF

for any Borel set B € &, then X is called a
random variable.

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

-
- -~

-
———————
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Examples ? A3 M LY
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Example 48

Flip two different coins (3), ). Let X be numbers of heads. Discuss that why X is
a random variable.

Solution.
The sample space Q = {(D, ), (B, ®), (®,®), (®,®)}. The simga-field F is the
power set of Q, which contains all subsets of Q. [

(@ @) (C. &)

(@) (@ @)




Random vectors
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Definition 49 (Random vectors)

If random variables X3, ..
X =(Xy,...,Xp)is called a p-dimensional random vector.

Remark
Note that for any x, . .

{w: X1 (w) <

91

. Xp,

., X, are defined on the same probability space (Q, #

X1, ., Xp(w) < xp} = m{w Xj(w) <xj} < &F.

,IP), then



n-dimensional random vecters

Z
2T T T T T Pl
70 71
’ /7
, 1 , 1
Foogoooomos - 1
! 1 | 1
A Loy
| e I e
= L y
L ______ =
B CR?

92
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Joint (cumulative) distribution function

93

Definition 50
The joint p-dimensional cdf of X is defined as

F(x1,. ..,xp) =P{X1 < x1,X3 < x9,.. S Xp < Xp}.

Proposition 51

The joint cdf F satisfies the following properties:
(i) Monotonicity: For every x; < yj,

F(xly 000 7xj—1sxj5 xj+15 000 7xp) < F(xl) 00O ij—li y]) Xj+1, ©o0o pr)'
(ii) For any x1,...,xp,

lm F(x1,...,Xj-1,%j,Xj+1,...,%p) =0, F(oo,00,...,00) =1.

Xj——00

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY



Joint pmf

Definition 52
For jointly discrete random vector X, the joint pmf of X is defined as

p(x1,...,xp) =P{X; =x1,...,Xp, =xp}.

94

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr



Multinomial distribution w ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition 53

Assume that there are r possibilities in a trial: Ay,...,A;, and P(Aj) = p;forj=1,...,r,
p1+---+p- = 1. If we repeat this trial n times independently, and let X; denote the number

of occurrences of A;, then

n!

]P{Xlzkl,...,Xr:kr}:Wpllq...pf forki,...,kr > 0and ky +---+k, = n.
0k

95
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Joint pdf & A3y
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Definition 54

If there exists a nonnegative function f(xi,...,x;,) such that

X1 Xp
F(xl,...,xp)=/ / flui,...,up)duy ... dup,

then f is called the joint probability density function (pdf) of X. Here, f satisfies the fol-
lowing two conditions:
(I) f(xly °0oo 7xp) > O!

(ii)‘/_ [ flxt, ..., xp)dxy...dx, = 1.



Uniform distribution ? A3 M1 LY
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Definition 55

If A c RP such that A(A) < co, where A(A) is the Lebesgue measure (volume) of A. If X
has the joint pdf

—— XT EA,
flxt, ..., xp) = A(A)
0 otherwise,

then X is said to have the uniform distribution on A.

97



Independent random variables
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Definition 56
Let X1, ...,X, be p random variables. If for any By, ..., B, € B(R),

p
P{X| € By,...,X, € By} = | | P{X; € Bj}.
j=1

Remark
Specially, if B; = (—o0, x;] foreach j=1,..., p, then

F(x1,...,%p) = Fx; (x1) ... Fx, (xp).

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr



Properties ? A3 ML,
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Proposition 57

If X1,...,X, are independent, then for any 1 < r < p, any subset {X;,...,X;} of
{X1,...,X,} are also independent.

Proof.

We only prove Xi,...,X, 1 are independent: Note that

]P{Xl € By,.. .,Xp_1 € Bp_l} = ]P{Xl € By,.. .,Xp_1 € Bp_l,Xp € R}

-1
= (117—[ ]P{XJ € B]}) ]P{Xp € R}

j=1
p—-1

= [ [P{x; € B;}. -

j=1



Functions of independent random variables ? A3 ML
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Proposition 58

If X1,...,X, are independent, then for any Borel functions gi,...,g, : R — R, random
variables g1(X1),...,8p(Xp) are also independent.

Proof.

For any Borel sets By, ..., B,
P{g1(X1) € B1,...,8p(Xp) € By} =P{X1 € g7 '(B1),..., X, € g, (By)}

p
=] [P{X; e g7 (B}

j=1
p

= r[]P{g](X]) € B]} [ |
j=1
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Maximum of independent random variables ? A3 Wi %Y

101

Example 59

Let Xi,...,X, be independent continuous random variables, with the common dis-
tribution function F(x) and probability density function f(x). Let Y = maxi¢i<n X;-
Find the distribution function and probability density function of Y.



Solution

Solution.
Note that

Then,

Moreover,

102

P{Y <

x} = P{max(Xy,... ,Xn) < x}
—]P{Xl X, X9 < .o, Xn <X}

—1_[1P{X x} = HF(x)— [F(x)]™.
Fy(x) = [F(x)]".

() = By () = PG ).

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY



Minimum of independent random variables

Example 60

Let W = minj¢i<, X;. Find the distribution function of W.

103




Solution

Solution.
Note that

then

104

P{W > x} = P{min(Xy,...,X,) > x}
=P{X; >x, X0 >x,...,X, >x}

= ﬁ P{X; > x}
i=1

=] [ -F)),
=l

n

Fy(x)=1-PW>x}=1- l_[(l —F(x)).

i=1

/4/ " SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY



Distribution of (W,Y)

Example 61
Find the joint distribution of (W,Y).

105




Solution ? A MHAY

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Solution.
If w >y, then {Y < y} C {W < w}, and thus

Fyy(w,y) = P{W <w,Y <y}
=P{Y <y} =[F(y)]"

Ifw>y,

Fwy(w,y) =P{W <w,Y <y}
=P{Y <y} -P{W>uw,Y < y}.

106



Solution & AIMLE

For the second term, the event means that all of the variables X1, ..., X, are between w
and y, which means that

PW>uw,Y<y}l=Plw<X;<y,...,w<X, <y}
n n
=[[P{lw<Xi<y} =] [(F(y) - F(w)) = [F(y) - Fw)]".
i=1 i=1
Therefore, if w > y, then

Fwyw,y) = [F(y)]" - [F(y) - Fw)]".

The joint pdf of (W,Y) is

fwy(w,y) = dw

w2y

{n(n ~D[F(y) - Fw)]"*fw)f(y) w<y.
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Distribution of the range (1) ? A>3 MLY%

108

Example 62

Let R = max(Xy,...,X,) —min(Xy,...,X,). The variable R is called the range of the
data.

In descriptive statistics, range is the size of the smallest interval which contains all
the data and provides an indication of statistical dispersion. Since it only depends
on two of the observations, it is most useful in representing the dispersion of small
data sets.



Distribution of the range (1hZ)

Solution.
Note that for r > 0,

Fr(r) =P{R <r}

// w<rfWY(w y)dwdy
_ / ( w”fw,Y(w,y)dy)dw

(/ fwy(w, w+u)du)dw

109

( fwy(w,w+ u)dw)du.

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr



Distribution of the range (1hZ)

110

Solution (Contd).

Therefore,

) = 3Fn() = [ o, w s ndw

=n(n-1) /W[F(x +1) = FO)]"2F(x) f(x +r)dx.

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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